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Abstract

We present a finite element approximation of motion by minus the Laplacian of curvature and related flows. The pro-
posed scheme covers both the closed curve case, and the case of curves that are connected via triple junctions. On intro-
ducing a parametric finite element approximation, we prove stability bounds and compare our scheme with existing
approaches. It turns out that the new scheme has very good properties with respect to area conservation and the equidis-
tribution of mesh points. We state also an extension of our scheme to Willmore flow of curves and discuss possible further
generalizations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we introduce a parametric finite element approximation for motion by surface diffusion with
the possible inclusion of triple junctions. For a closed hypersurface I' in R?, which evolves in time, motion by
surface diffusion is given by the following evolution law for the normal velocity ¥, see (1.2),

V= — A, (1.1)

where 4 is the surface Laplacian and % is the sum of the principal curvatures of I'. For later use we remark
that for a parameterization ¥(p, ) € R? of I', (1.1) can be written as a system of second order equations:

V=XV =—4Ax, n = A3, (1.2)
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where v is a unit normal to I'. The second identity in (1.2) is well-known from surface geometry, and yields the
convention that x is positive if the curve is curved in the direction of the normal, see Fig. 1. Note that because
the tangential component ¥, — (¥,.¥)V of the velocity X, is not prescribed in (1.2), there exists a whole family of
solutions ¥, even though the evolution of I is uniquely determined by (1.1).

The evolution law (1.1) was proposed by Mullins [31] as an evolution law for a free surface enclosing a solid
phase, which changes its shape due to the diffusion of atoms along the surface. Later a derivation, in the con-
text of rational thermodynamics, was given by Davi and Gurtin [10]. Motion by surface diffusion governs the
evolution of free surfaces in many applications such as e.g. thermal grooving, sintering, void evolution in
microelectronic circuits and epitaxial growth; see e.g. [31,27,7,22,1, and the references therein]. Existence,
uniqueness and stability results have been given in [19-21].

We remark that a surface that encloses a region in R’ and evolves according to (1.1) conserves volume.
Choosing v to be the outward unit normal to the region and taking a(t) as the total enclosed volume, this fol-
lows from

d
aa(t)—/rVdS——/rAS%dS—O,

where the last identity follows from the Gauss theorem on manifolds. Furthermore the total surface area,
|I'(1)|, decreases in time as can be seen from

%mm:—[wwmzﬁmgwwz—ﬁwmﬂhgq (1.3)

where V,f = Vf — (V.Vf)V is the tangential gradient on I', see e.g. [12, p. 150].

In this paper we will restrict our attention to the case d = 2, i.e. curves in the plane. In many applications
networks of curves with triple junctions appear. A model for surface diffusion of a network of curves has been
introduced by Garcke and Novick-Cohen [23], which we describe in the following for a network of three
curves. Let I'y, I'», I'; be the given curves in R? that intersect at two triple junction points A, and A,; see
Fig. 2. Let 7; € R? be the unit tangent to I'; pointing away from the triple junction point A; and towards point
A,. Then the normal velocity for each curve is given by

4/,‘ = _O—iAS%iv i=1— 3, (14)

where ¥; is the curvature of I'; and o, is the surface energy density of I';. The curvature is said to be positive if
I';is curved in the direction of the normal ¥ € R?, which is the unique unit vector that forms a positively ori-
entated orthonormal system with 7;. Then, in addition to (1.4), the following conditions have to hold at the
triple junction points A, and A,:

the triple junction does not pull apart, (1.5a)
017 + 02T + 0373 = 0, (1.5b)
0171.Vu1 = 0275. Vo = 0373.Vs, (1.5¢)
o1% + 0% + o3n3 = 0, (1.5d)

where V| r, = %’,-% with s being the arclength chosen to be increasing in the direction of 7;. The conditions
(1.5a)—(1.5d) are an attachment condition, Young’s law, a flux balance condition and a chemical potential
continuity condition, respectively. Young’s law (1.5b) is the force balance (leading to angle conditions) at
the triple junction. If all surface energy densities, ;, are the same, then we recover the familiar 120° degree

x>0 »x <0

Fig. 1. The sign convention for x.
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I

Fig. 2. The setup of I' =(I'y, I, I'3).

condition. The flux balance condition (1.5¢) follows from mass balance considerations at the triple junction. In
order to be in thermodynamical equilibrium locally, it is necessary that the chemical potential differences are
continuous which leads to (1.5d); for more details on the above conditions see [23].

Taking the boundary conditions (1.5a)—(1.5d) into account, we easily derive that the total area of the
enclosed phases are conserved; e.g. for the area a;(7) of the phase enclosed by I'; and I'», see Fig. 2, we obtain

that
d i .
—613(t):/ %zds—/ AV]dS:—Gz/ As%zdS+G|/ As%ldSZO7
ds I I I I

where the last identity follows from (1.5¢). The total free energy of the system is given by Z?Zla,-\l“ :(¢)|, where
|I'(?)| is now the length of I'(7), and we obtain from

d 3 3 3 3
a ZO’,‘F,(t)l = — ZUZ*/ %iV,«ds = ZUIZ/ %iAs%ids = — ZO'IZ/ |Vs%i|2ds < 0
i=1 i=1 T i=1 T i=1 T

that the total free energy cannot increase. The first identity above holds because of Young’s law, (1.5b), and
the last identity is true since the boundary conditions (1.5¢) and (1.5d) imply that the boundary terms arising
from the integration by parts disappear.

For parameterizations X; € R? of I';, i = 1 — 3, (1.4) can be written as a system of second order equations:

(fi),-vi = —0idn, V= AX;. (1-6)

A variational formulation of (1.6) will form the basis for our scheme that we present in Section 2.

Let us now shortly discuss existing numerical approaches to surface diffusion. Level set methods to com-
pute surface diffusion and Willmore flow are studied in [9] and [15], respectively. Numerical approximations
of parametric formulations of surface diffusion of closed curves (and surfaces) are the subject of the papers
[3,18,21]. Our approach will use ideas of the latter two papers and of the seminal paper [16]. We remark
that all existing numerical approaches to the parametric formulation need to heuristically redistribute points
tangentially in order to avoid coalescence of points. There are also numerical approaches for surface diffu-
sion of axially symmetric surfaces, see [11], and surface diffusion of graphs, see [2,13]. For an overview we
refer to [12].

As for work on the approximation of curve networks, we refer to [8,34,32] for direct approximations of
motion by mean curvature. A level set approach for mean curvature flow of curve networks has been consid-
ered in [28,35,33]. A phase field approximation of the motion of surface diffusion of a closed curve was studied
in [6], and its extension to curve networks is given in [4]. In the present literature, to our knowledge, there is no
work on the surface diffusion of a network of curves.

This paper is organised as follows. In Section 2, we formulate a finite element approximation of (1.6)
and (1.5a)—(1.5d) and derive stability bounds. Here we first introduce our approximation for the simpler
case of a closed curve, (1.2), and then generalize that scheme to cover (1.6) and (1.5a)—(1.5d) in the case of
a triple junction configuration as in Fig. 2. In addition, we indicate how to generalize the approach to an
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arbitrary setup of curves and triple junctions. Moreover, we extend the scheme to approximate Willmore
flow, and related elastic flows, for closed curves. In Section 3, we present some numerical computations
for closed curves and compare our results with those from other algorithms in the literature. Furthermore,
we include various numerical results on the triple junction setup of Fig. 2 as well as on more general
setups.

2. Finite element approximation
2.1. Closed curves

We introduce the following finite element approximation. Let J := R/Z = U ;N = 3, be a decomposi-
tion of J into intervals given by the nodes g;, J; = [¢;_1,¢;]. Here J is the “perlodlc interval [0,1], which we
obtain by identifying points ¢ € R and ¢ + k for k € 7. Let h; = |J,| and h = max,_,_ y/; be the maximal length
of a grid element. Then the necessary finite element spaces are defined as follows

Vi:={7€CU,R):7l, islinear ¥ j =1 — N} = WP ¢ H'(J, R?),

where Wy C H'(J,R) is the space of scalar continuous (periodic) piecewise linear functions, with {(i),}',\’: |
denoting the standard basis of . Throughout this paper, we make use of the periodicity of J, i.e. g = qo,
gn+1= ¢ and so on.

In addition, let 0 =1 <t <--- <t3,_1 <ty = T be a partitioning of [0, 7] into possibly variable time steps
T = byl — by m =0 — M — 1. We set ©:= max,,,—o_, ar—1Tm- Let X e Vi be an approximation to X(-,1,),
and similarly k" € W for (-, t,).

For scalar and vector functions f, g € L*(J, R®)) we introduce the L? inner product (-,"),, over the current
polygonal curve I, which is described by the vector function X™ € Vi, as follows:

Q) = / fgds = / 12X dp:
m J

where in the first integral, and throughout this paper, for notational simplicity there is a slight abuse of nota-
tion. In addition, in the above and throughout this paper, p € [0,1] is the parameterization variable and -*)
denotes an expression with or without the superscript *, and similarly for subscripts. In addition, if f, g are
plecew1se continuous, with possible jumps at the nodes {qj} 1> we define the mass lumped inner product

(- > as
g =12 1X"(a) = X" (a0 €)a)) + (£ )la)) 2.1)

where we define f(g;) := lim,. o f(g, £ ¢). Furthermore, we note that

: Xn)*
V..V f’gg and 7 — — 00
26 X7

where - acting on R* denotes clockwise rotation by Z. We propose the following approximation to (1.2): Find
{XmH k™Y € Vi x Wy such that

h
Xm+1 —_Xm
<T—,,(\7’”> —(V" V), =0 Ve W, (2.2a)

(" gy + (VX Vi, =0 Y i € Y, (2.2b)
where, as noted above, the inner products (-, )E:) as well as V; depend on m.

Remark 2.1. In Section 3, we will report on computations for the scheme (2.2a) and (2.2b) and compare the
reﬁults with two other schemes in the literature. The first is from [18] and can be formulated as: Find
{Xm+l gty e (87 such that for all 7,7 € Vi
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m
TVH

X — X = ' —m+1 = m ym+1 —m 2ﬁ‘m-%—l 2\
E— 4 - <vsK 7VSX> <|K | VX vs‘/{> <| | > = 0, (238)

(R, + (VX" V), = 0, (2.3b)
where &° € V! is such that

(R, 7)o + (VX Viif)y = 0 ¥V ij € V§.
The system (2.3a) and (2.3b) is a discretization of the variational formulation of

X = —(An)V = —Ad = VL ([FPVE) LR, A =i = AR

as opposed to (1.2). The second scheme is from [3] and can be stated as: Let X! := X" + 7, /"' where
ymtl € Yl is part of the solution of: Find {V"+! xn*1 gn+l pmtiY € i x Wk x Vi x Wy such that

(R 1)+ TV P V), = —(V K V), Vi€ Vi, (2.4a)
(" ) — (R ), =0 ¥ g € Wy, (2.4b)
<Vm+l,7> <v Km+l V /{> =0 Vv % c Wh, (240)
<I_/'m+l,1—7°> <Vm+l\7m —*> =0 Vije Vh (2~4d)

The system (2.4a)—(2.4d) is a discretization of the variational formulation of

A=AX, n=%V, v=—-4Ax, ¥ =T=0vy

as opposed to (1.2). We note that both schemes (2.3a) and (2.3b), and (2.4a)—(2.4d) only change the approx-
imation of ¥ in the normal direction, whereas the scheme (2.2a) and (2.2b) proposed in this paper also induces
tangential changes. This is a crucial difference. Finally, it is shown in [3] that (2.4a)—(2.4d) satisfies a discrete
analogue of (1.3). We will prove the analogous result for (2.2a) and (2.2b), see Theorem 2.3, and the ensuing
comment, below.

Before we can proceed to prove existence and uniqueness to (2.2a) and (2.2b), we have to make the follow-
ing very mild assumption.

(<) Let |X’"| > 0 for almost all p € J. For j=1— N, let " V= %b_, and set
2 P J
G |Xm(%) _X'n(‘Ij—l)|T’?i% + ‘Xm(qjﬂ) _Xm(q_/')|‘_);n+% _ —[)_("”(qjﬂ) —)_(”"(qul)]l
! [X7(gq;) = X7 (g, )l + 1X7(g00) — X7 (q)) [X7(gq;) = X7(g;- )| + 1X7(g00) — X7 (q))

=d=2

Then we further assume that dim span {w’"} _ =

Remark 2.2

a) We note that one can interpret @} as a weighted normal defined at the node X "(q,) of the curve I'”,
where in general | @7 [< 1. Noting that &} points in the direction [X"(g,,,) — X"(q,_ D], we obtain that
the assumption (&/0) is equivalent to excluding the following situation: All points {X"(q ;) j is even} lie
on one straight line and simultaneously all points {X ’”(qj) j is odd} lie on another parallel line.

b) Since X”(gy) = X"(q,), we obtain in the case that N is odd that (.«/y) immediately holds provided all
points do not lie on one straight line. If N is even, then (.o7;) is only violated on very rare occasions,
see e.g. Fig. 3. For example, for closed curves I without self intersections the assumption (.<7,) always
holds.
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Xm(q) X™(gs) X™(gs)

Fig. 3. (/) is violated in this case.

Theorem 2.1. Let the assumption (/) hold. Then there exists a unique solution {X"*',k"'} € Vi x W" to the
system (2.2a) and (2.2b).

Proof. As the system (2.2a) and (2.2b) is linear, existence follows from uniqueness. To investigate the latter,
we consider the system: Find {X,x} € V& x W such that

X, 7" = (Ve Vig),, =0 ¥y € Wi, (2.6a)

(", i)y, + (VX, Vi), =0 Vij € Vp. (2.6b)
Choosing y = x € W in (2.6a) and ij = X e V! in (2.6b) yields that

(VX,VX), +1,(Vik, V,K), = 0. (2.7)
It follows from (2.7) that k = k¢ € R and X = X¢ € R?; and hence that

(Xe, vt =0 Y yewh @l =0 Yijeyh (2.8)

Choosing ij = Z¢; € Vi in (2.8), and noting (2.1) and (2.5), yields, on assuming «“ # 0, that for all j=1— N
H[I®7(q) = R (g, )Ty + 1R7(gy00) — X7 (q)T,] - Z=0 VEER
= @'i=0 VIER <« &'=0. (2.9)

However, this contradicts assumption (.7y) and hence k= 0. Slmllarly, testing (2.8) with y = ¢, yields that
Xe.& @ =0 for all j=1— N. It follows from assumption (/) that X¢=0. Hence we have shown that
(2.2a) and (2.2b) have a unique solution {X"*! "1} € Vvt x wi. O

Here and throughout, for a given n € N, let Id, € (R¥?)™" be the identity matrix, and similarly for
Id, € R™". We introduce also the matrices N, € ([REZ)NXN Ay € RV and 4, € (R¥?)"" with entries

WO]M 5:/ ”h[¢k¢1]7ndsa [oly; = (Vi Vihi) [20]/{1 = [Ao]kllz”lv (2.10)

where 7" : C(J,R) — W} is the standard 1nterpolat10n operator at the nodes {qj} ;- We can then formulate
(2.2a) and (2.2b) as: Fmd {8X™ k1) e (R*)Y x RY such that

o W) () (0 ) o
NO ;l'o 8)?m+l - —;i())?m ’ :

where, with the obvious abuse of notation, 8X™+ = (8X7*!,.. ., 8X7) " and k' = (1!, k)" are the
vectors of coefficients with respect to the standard basis of X! — X and """, respectively. The discrete sys-

tem arising from (2.4a)—(2.4d) is solved in [3] using a Schur complement approach. We adopt a similar pro-
cedure here for (2.11). Let S, be the inverse of A, restricted on the set (kerdo)™ = (span{1})*, where
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1:=(1,..., 1)T € RY and - acting on a space denotes its orthogonal complement. Then noting that the first
equation in (2.11) implies that 1"NI3X”*! = 0, one can transform (2.11) to

1
K = — SNTSX™ ! + pl, (2.12a)

Tm
m

- 1 - - - . ., . _,
<A0 + —NOSON§> SX™ = —4pX™ — uNol,  (8X") Nyl = 0; (2.12b)

1 Km+l

where p = € R is unknown. We introduce also the orthogonal projection M, onto Ry = {X €
(R*)Y :)?TNOI =0} by I := Idy ‘i‘{ -, where W := = Nol. Then (2.12b), on noting that IodX™! = §X™*!, i
replaced by

iy (zo +lﬁosoﬁg) T8 X! = iAo X, (2.13)
As (2.2a) and (2.2b) have a unique solution, it is easily established that there exists a unique solution to (2.13).
Moreover, the system (2.13) is symmetric and positive definite on %, . For details we refer to the triple junction
case which is handled in Theorem 2.4 below.

In addition, a stability result for (2.2a) and (2.2b) is easily established; see Theorem 2.3, and the ensuing
comment, below.

Remark 2.3. It is worthwhile to consider a continuous in time semidiscrete version of our scheme. Here we
replace (2.2a) and (2.2b) by

(X, 0" = (Ve Vi) =0 ¥ g € W, (2.14a)
(7)) + (V,X, Vi) =0V ij € Vi (2.14b)
()?,0l

where we always 1ntegrate over the current curve I'"", described by X, and so ¥ i and (-, )" is the same
as (-, > " with I and X" replaced by I'" and X, respectlvely It is now stralghtforward to show that (2.14a)
and (2.14b) conserve the enclosed area, a”(¢), exactly; since on choosing y = 1 in (2.14a) and taking into ac-
count (2.1) yields that

. - d

0= (X, = / X, ds = —d"(1). (2.15)
I de

To our knowledge, no other direct approximation of (1.2) in the literature satisfies this property. While it is

not possible to prove an analogues of (2.15) for (2.2a) and (2.2b), in practice we observe that the enclosed area

is approximately preserved, and that the area loss tends to zero as 7 — 0.

Remark 2.4. Furthermore, the scheme (2.14a) and (2.14b) will always equidistribute the vertices along I for
t >0, provided that they are not locally parallel; since on choosing #j = (& ) $; € Vi in (2.14b), where & co is
the Fh analogue of @7, yields, on recalling (2.1) and (2.5), that for j =1 = N

Xo-X X -X.| - .
—a]+1 _,j - _,j _,j ! .(Xj+1 _Xj—l) == 0 =
X =X X =X
(X1 = X = 1X; = X [ X 1 — XX, — X | — (X —X,—).(X, —X,-_l)] =0
= either |[X;;, —X,|=|X,—X;] or (X;, —X)|X; (2.16)

where, here and throughout, X" = X ™ (q;).

Of course, the analys1s in (2. 16) immediately carries over to a fully discrete scheme that is fully implicit; that
is, V" and (-, )fn in (2.2a) and (2.2b) are replaced by v**! and (-, >f:'3rl In particular, that scheme would
equidistribute a given parameterization after one time step. But the highly nonlinear nature of both of these
approximations make them not very practical, in comparison to the fully practical scheme (2.2a) and (2.2b).

However, it does not appear possible to prove an analogue of (2.16) for (2.2a) and (2.2b). Nevertheless, in
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practice we see that over a number of time steps the vertices are moved tangentially so that they will eventually
be equidistributed. See Section 3 for details.

As our numerical scheme introduces a tangential change to the given parameterization, an interesting
question to ask is whether a continuous version of the scheme prescribes a tangential velocity and hence picks
one of the family of solutions to (1.2). First, we note from [29, Section 6] that if

then it is easily deduced that
<|x|“1£€t’)t|>|) =0 VpeJ,andt>0 <<= y,=nV5,|~ ‘x”‘ al / wy " ds; (2.18)
t

that is, the relative lgcal length is preserved for, and only for, a tangentlal velocity fulfilling the above condi-
tion. Assuming that X° is equidistributed, then one can show that thj: scheme (2.14a) and (2.14b) approximates
(2.17) with 7" = — A% and % as in (2.18). Since, on choosing ij = (X;),¢; in (2.14b) it follows for all # > 0 that

X=Xl =¥ =¥ — (57" Xp)" j=1-N, (2.19a)
X —X, o
where W, =10 (X)), (2.19b)
X1 — X

approximates the tangential velocity at node j. Summing (2.19a) over j, and noting the periodicity, yields that
|, = — (", X,)". (2.20)

‘t -
Assuming for all j and for all >0 that (X;,, — X, )J}f(X; — X, ,), then (2.16) yields for all >0 and for
j=1— N that

SO o
(# =0 <~ |Xj _X/'*1|t = W‘F}Ih (221)
t

Hence it follows from (2.21), (2.19a), (2.19b) and (2.20) for all £> 0 and for j=1 — N that

W, = (T R —%w’ﬁg)’z
which approximates (2.18).

We note that Mikula and Sevéovi¢ [30, (4.2)~(4.5)] introduce a complicated scheme, where a tangential
force is prescribed explicitly, to achieve an equidistribution of nodes. Whereas our semi-discrete scheme
(2.14a) and (2.14b), and a fully implicit version of (2.2a) and (2.2b), achieve this intrinsically. Moreover, in
practice the fully practical scheme (2.2a) and (2.2b) moves the nodes tangentially so that they are eventually
equidistributed, even if they are not equidistributed initially.

To further illustrate this, we consider a simplified version of our scheme for the approximation of

Y =%7=0. (2.22)

Similarly to (2.2a) and (2.2b), the approximation would be: Find {X"*! x"*'} € V% x W! such that
(Xl Xm iy =0 v oy e wh (2.23a)
(" 4 (VX VG, =0 Y i e Vi (2.23b)

Of course, in this case it is possible to eliminate k™" from (2. 23a) ¢ and (2. 23b) Then one obtains a symmetric
positive semi-definite system for the unknown ﬂ’”“ € Wf’), where X7 Yl — X "4 ﬁm+1( 0 ) ,j=1— N. In par-
ticular, it is then stralghtforward to show that X™! = X" solves (2. 23a) and (2. 23b) if, and only if, X™ satisfies
(2.16) for all j; that is, X" is either equidistributed or locally parallel. Moreover, in practice we observe that the
scheme (2.23a) and (2.23b) moves the vertices such that, after a number of steps, they are eventually equidis-
tributed or locally parallel. Note that the natural extensions of the schemes (2.3a) and (2.3b), and (2.4a)—(2.4d)
to approximate (2.22) would not change the initial parameterization X°.
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2.2. Triple junctions

In this section, we consider the case where a network of curves meeting at triple junction points moves
under motion by surface diffusion. Unless otherwise stated, for ease of exposition, from now on we consider
the case of three curves (I';, I'», I'5) with surface energies o:=(ag;, 05, 03) meeting at two triple junction points
Ay and A,, and enclosing two areas, see Fig. 2, and in particular note the stated choice of the direction of the
unit tangents. We will outline later how the ideas presented for this case can be carried over to the general case,
see Remark 2.6 below.

The main idea for the necessary trial (=test) spaces is to make sure, that the conditions (1.5a)—(1.5d) hold
either essentially or weakly at the triple junctions. Here we will enforce conditions (1.5a) and (1.5d) explicitly
through the trial space, whereas conditions (1.5b) and (1.5¢) will be enforced weakly, similarly to a Neumann
boundary condition for a standard second order elliptic PDE. In particular, let 7:= [0, 1] be the unit interval
and let

K = {(}?11}?%}?3) S [C([7 RZ)P )7 Z = 3 on a]}
and
W= {(11, 12, 13) € [CUL,R)]’ : 611y + 621, + 6375 = 0 on A}

Given a test function ij € ¥ N [H'(I, [REZ)]3, we multiply the second equation in (1.6) on I'; by o,. Integrating
over I'; and summing over i yields for the right hand side that

3 3 2 3
ZG[/ (As)_c)[»ﬁ,‘ds = — ZO’[/ VS)_C',-.VXﬁ[dS —+ Z( j [Z O; T’|A
i=1 i i=1 I; =1

i=1

, (2.24)

where we have used integration by parts and observed the fact that V,¥; = 7,7} . Clearly, dropping the last term
in (2.24) corresponds, as ij € V, to weakly enforcing Young’s law (1.5b) at the triple junction points A; and A,.
Similarly, testing the first equation in (1.6) with a function y € W yields a weak approximation of (1.5¢).

Now let 7 =UY" I’ i=1— 3, be decompositions of I into intervals I’ = [qj 1a‘1,] based on the nodes
{qj}J 0 Ni = 2. Let h’ =] 1’ | and 7 = max,_;_;max;_ HN‘h be the max1mal length of a grid element. The
appropriate finite element spaces are then defined by

V"= {7 7) €V : 7l islinearV j=1—N;i=1—-3}CV

and similarly for the space of scalar functions W w.

Recall the time partitioning {z,, }" 70 and let X € V" be an approxnnatlon toX(+, tn) = (X1,%2,%3)(+, tn), and
similarly «” € W" for (- tm). We 1ntroduce the o weighted L? inner product {-,-),,, and its mass lumped ana-
logue (-, >fn, over the current surface I := (F ’l" , F >, I'y), which is described by the vector function Xmeyh
for scalar and vector functions f, g € [L2(1 R®))’ as follows:

3
— [ reds=a [ £l 0.
rm i=1 1

v, (2.25)
Q=200 5 2 ) ~ X1 IUi2) () ) + (g i) )

In addition, we note that

(i),-(g1), 7 (&),

, =1 =13

= 2 v m = )
[(X7), | ’ (X7, |

Using a weak formulation of (1.6) and (1.5a)—(1.5d) as indicated in (2.24), we then propose the following
approximation to (1.6) and (1.5a)~(1.5d): Find {X"*! x"*'} € V" x W" such that

m =
I

(Vsf.Vig)
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Tm

h
Xm+1 —_Xn
<,X\7’”> — (V" V), =0 Y e wh (2.26a)

(" 4 (VX VG, =0 Y e v (2.26b)

Before we can proceed to prove existence and uniqueness to (2.26a) and (2.26b), we have to make the fol-
lowing very mild assumption.

/) Let q”’ >0 for almost all pel, i=1—3. Let V" | :=— [(Xj;” ., j=1— N; and set
ij—% (X, '
‘)?7” 1) ”i ‘*m +‘Xm l/+l) le )“,HL T2 i/p
(I’):”j = D) X,,,( - )\+\X’”< BT 2,j=1— N;—1,i=1— 3. Then we assume further that for each
/+1 i\
i=1—3 there exists a je{l,...,N;— 1} such that ‘I),m, #* 0. Moreover, we require that

dlmspan{{wuj M =d=2.

The assumption (.o7) basically assures that none of the curves I'!",i = 1 — 3, is a “zig zagging” connection
between the two triple junctions points A; and A,. A sufficient condition for (/) to hold is that at least one of
the three curves is not a “saw tooth” like curve similarly to the one in Fig. 3, where all the vertex normals & s
j=1— N,;— 1, are linearly dependent.

Theorem 2.2. Let the assumption (/) hold. Then there exists a unique solution {X"+' k™t'} € V" x W 10 the
system (2.26a) and (2.26b).

Proof. As (2.26a) and (2.26b) are linear, existence follows from uniqueness. To investigate the latter, we con-
sider the system: Find {X,x} € V" x W" such that

X, " —1,(aVk, Vi), =0 ¥ g€ W, (2.27a)

(7", i)h + (VX Vi), =0 Vijer (2.27b)
Similarly to (2.6a) and (2.6b), choosing y = k € W in (2.27a) and ij = X € V" in (2.27b) yields that

(VX, VX)) +1,(0V,k, Vi), =0. (2.28)

It follows from (2.28) that =« = (k{,x3, k)" € R® such  that Y ox¢=0 and
X =X = (X5, X5,X9)" € (R?) with X¢ = X5 = X¢; and hence

(X, Mt =0 YV yew Vit =0 Vije (2.29)

Similarly to (2.9), choosing i = ch/ € Vh forafixedi=1—3and j=1— N;— 1 in (2.29), with qo} cwh
being the standard basis function associated with q}, and noting (2.25) yields, on assuming «{ # 0, that for
allj=1—-N;—1

FEi=0 VZIER <= =0.

However, this contradicts assumpt10n ( ) and hence ¢ =0, i = 1 — 3. Similarly, choosing y = (pj. in (2.29)
and noting that X ¢ X c—X $ yields that

X¢.& a=0 Vj=1-N—-1i=1-3.
Assumption (.o7) then ylelds that X ¢ — (), and hence X¢ = 0. Hence we have shown that (2.26a) and (2.26b)

have a unique solution {X"*!, "+ 1} cV'xwh O

Remark 2.5. Similarly to (2.14a) and (2.14b), in a time continuous semidiscrete version of our scheme (2.26a)
and (2.26b) we obtain exact area conservation, as testing for example with y = (—Jl1 va5 0) € W" in the ana-
logue of (2.26a) leads to

oz/ [)?ﬂt.?'hds—/ [)?l]t.vhdS:gag(t),
rh rh dr
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where ! (¢) is the area enclosed by I'! and I';. Moreover, the condition (2.16) now yields that vertices will be
equidistributed on all curve segments of I'", that are not locally parallel. Although we are unable to prove such
results for the fully discrete scheme (2.26a) and (2.26b), the change relative to the initial area never exceeded
1% in our simulations. In addition, we observed the equidistribution property for (2.26a) and (2.26b), see e.g.
Fig. 15 below.

Remark 2.6. The definitions of the spaces V' and W can easily be generalized to a situation with K bubbles/
areas, K¢ curves and K triple junction points; and all the results in this section extend to this general case.
Note that the Euler—Poincaré formula yields that 6(Kz — 1) =2K-=3K7; e.g. Kgy=Kr=2 and Kc=3 in
Fig. 2. In particular, we would have that

V={Gh,..., %) € [CU,RY)]* T py) =0, (i), i=2—3,Yj=1-Kz},
3
W = {(le"-aXKc) € [C<Ia R)]KC : Z( l)pﬂ 0-1/71/(.pj,{,-) = 0 v]: 1 _>KT}

i=1

Here i; € {1, ... K¢}, i=1— 3, denotes the 3 curves meeting at triple junction j, while Py, € {0,1} denotes
whether these curves start (p;; = 0) or end (p;;, = 1) at the trlple junction point j. lLe. |{1] i=1—-3}=3
forallj=1— Kyg, |{j:ij=c |—2for allc—1—>KCand Z] .= lforale=1— Kc.

Furthermore, we can establish that our scheme is unconditionally stable.

Theorem 2.3. Let {)?’”, K’”}%zl be the solution of (2.26a) and (2.26b). Then for all k=1 — M we have

k-1
|T*| + ZT’”/ o| V" Pds < |,
i

m=0

where || := [}, 1ds = Z?:10i|rf| on recalling the definition (2.25).

Proof. Choosing y ="' € W" in (2.26a) and 7j = X=X ¢ ' in (2.26b) yields that

(VX" T (X — X))+ 1, (aV " Vm’”“)m =0. (2.30)
We now analyse the first term in (2.30), using the ideas in [17]. Let i[jﬁm =X " (qj 1) - X j”(qj) Then it holds
that
. - 3 . . N, h7m+l h1m+l hzm
<VSXm+l’vs(Xm+l 7Xm Zal/ VXm+l] [VS(X”HJ ,Xm)] ds = G, ‘h”"
i=1 i j=1
SRR E = 1)+ Iﬁj-’m+1||5§’m\ AT T T
=2 ) 1~
i=1 Jj=1 |hj ‘
3 Nl
im 1 7im m m
o SR = ) = [ — |, (2.31)
i=1 j=1
Combining (2.30) and (2.31) yields that
| — |+ rm/ a\V}s,;c”’+1|2ds <0. (2.32)
-

Summing (2.32) for m =0 — k — 1 yields the desired result. [

The proof above is written explicitly for (2.26a) and (2.26b) but as it depends solely on a specific choice of
test functions it immediately carries over to (2.2a) and (2.2b).

We now extend the Schur complement approach developed above for closed curves to triple junctions. Let
N := Zle(N : +1). We define the orthogonal projections
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3
K:RY — X:={(z1,2,23) € R" : Za,.[z,.]o => ailzly, =0} (2.33)

and P: (R*)" — X:={(,%,%) € (R)": 2], = 2], = %3]0, 21y, = 2]y, =[]y, } onto the Euclidean spaces
associated with W and V", respectively. These two prOJectlons w111 be crucial for the construction of the linear
system for the unknown coefficient vectors in RY x (R?)" that represent the solution to (2.26a) and (2.26b),
rather than having to work with the trial and test spaces W" and I directly. This construction is similar
to the standard technique used for an ODE with periodic boundary conditions.

In order to give a matrix formulation for (2.26a) and (2.26b) we introduce the matrices

Ni € (R})WrWith) © g ¢ gIVitxVit ) gpng 47 ¢ (RP2) VDNl — 1, 3 defined by

Ni, =g, / gl ds, AL = o / V..V pids, Al = Al ld,
m m

where {¢})", is the standard basis of S" := {y € C(I,R) : y|1, is linear V j = 1 — N,;} and 7" : C(I,R) — S” is
the standard interpolation operator at the nodes {q } gare Then on introducing the matrices

—

aAd" 0 0 A0 0 N' 0 0
A=10 o4 0 , A=l0o A2 0|, N=|o0o N 0o [, (2.34)
0 0 03 4° 0 0 A4 0 0 N3

where 4 : RY — R, 4: (R)" — (R*)Y and N : R¥ — (R)", the system of equations (2.26a) and (2.26b) can
be written as: Find {8X™*!, k™1} € X x X such that

KAK —KNTP\ (x"*! 0
AR T (’ﬂ ):( e ) (2.35)
PNK  PAP dxmH —PAPX™
Here, with the obvious abuse of notation similarly to (2.11), x”*! = (k! i k2T with k! = ([],,
LIy )i =13, and X7 = (83X X SXy )T with SX7TH = ([3X7H,, ..., [8XMHy ), i=

1 — 3, are the vectors of coefficients with respect to the standard basis {{¢'})"(}._, of ¥ and X"+ — X

in (2.26a) and (2.26b), respectively.

We note that the kernel of KAK is the direct sum of kerK = X* and the space E = ker4 N X spanned by the
two null vectors e := (Uilll,—al—zlz,O) € X and e, := (0,%212,—0%13) e X of 4, where 1':=(1,...,1)"
€ RV*! i =1 — 3. That is, kerKAK = X* @ span{e; : i = 1 — 2}. Introducing the inverse S of KAK restricted
on the set q(kerKAK)L CR", ie. _SKAKv=KAKSv=v for all ve (kerKAK)*, and defining the space
A = span{PNKe,; :i =1 — 2} = {PNKv : v € kerKAK} C X; we note from the first equation of (2.35) that
X" e 7 := #* N X and hence that KNTP5X"*' € (kerKAK)". Therefore, we can employ a Schur comple-
ment approach in order to transform (2.35) to

| 2
m+1 T m+1
= —SKNTPSX e 2.36
= Qi:f e (2.36a)
U (R S I I .
(PAP + PNKSKNTP> X" = —PAPX™ — § w;PNKe;, X" ¢ 7 (2.36b)
Tm ]

where in (2.36a) we have used the fact that k"' € X and where g, € R are unknown. Let IT : (R*)" — 2" be
the orthogonal projection onto #*. Then, on noting that 8X"*' € #*, (2.36b) can be simplified to

A L
1P <A + —NKSKNT)PHBX’”“ = —IIPAPX". (2.37)

Tm
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Remark 2.7. A possible definition for the projection HisIl :=Idy — QQT, where imQ = # and QTQ =1Id,.le.
the columns of O € (R*)**? are an orthonormal basis of the subspace # C (R*)" spanned by PNKe; = PNe;,
where ¢; € X,i = 1 — 2, are the above mentioned null vectors of KAK. We note that the definitions of Pand N
yield that dim# = 2. Hence II is the orthogonal projection from (R?)" onto (imé)L =+

Remark 2.8. The definition of IT can easily be adapted to a situation with K bubbles/areas. Now the subspace
E of the kernel of KAK has dimension Kp, and a possible basis consists of vectors that each “describe an
admissible orientation of the boundary of a bubble” in terms of the given K. curves. For example, if
Kp=3 and one area is enclosed by curves 1,2,4 and curve 2 is parameterized in the opposite direction to
curves 1 and 4, then the corresponding eigenvector would be ((T‘—1 1, —ai, 12, 0,{}4 1*,0,0). A more rigorous jus-
tification for this can be found in the Appendix. i

Theorem 2.4. Let {3X™', k"'} € X x X be the unique solution to (2.35). Then 8X™*' uniquely solves (2.37).
Moreover, the operator in (2.37) is symmetric positive definite.

Proof. We have already demonstrated that if {8X"*!, x"*!} is the unique solution to (2.35), then 8X"*! solves
(2.37). It remains to show that the solution 8X m+1 1o (2.37) forms part of the solution to (2.35). On noting that
15X+ = §X™*! it follows from (2.37) that

A L\ = o s I
P <A + NKSKNT) P3X™! = —PAPX" - " j,PNKe;, (2.38)

Tm =1
where u; € R are uniquely defined by

2
- [ 2o (- 1 - D
> uPNKe; = (IT — Idy) [PAP "+ P (A + —NKSKNT> P6X’”“} €R,
i=1 m
on recalling that the vectors {PNKe,};_, are linearly independent.
On noting that 8X”*! € #*, we have that KNTP3X"t! € (kerKAK)", and hence we can define k"' € X

uniquely by

2
K" = o LSKNTPSX ™! Z,uie,-. (2.39)

i=1

Combining (2.38) and (2.39) gives that

PABSY™ ! 1 BNKi — —BABY", (2.40)
while multiplying (2.39) with KAK yields that
1, KAKK" = KNTPSX" !, (2.41)

Combining (2.40) and (2.41) yields that {8)?”’“, k™1 € X x X is the unique solution to (2.35). Moreover,
8X™t! is the unique solution to (2.37).

Finally, on recalling the definition of 7, we note that [1.7 C #* and KNTP#"' C (kerKAK)™ . Since the
operator KAK is symmetric and positive definite on (kerKAK)*, it is easily established that IIPNKS

e T

symmetric and positive semi-definite. As (2.37) has a unique solution, the operator in (2.37) is non-singular and
hence symmetric positive definite. [

The proof above is easily adapted to the closed curve system (2.13).
2.3. Willmore flow for curves

For a closed curve I' C R* and a parameterization ¥ € R* of I', the system

X V=—Ax—h +n, =A% (2.42)
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for A =0 models Willmore flow for curves, also called evolution of elastic curves. The inclusion of the given
parameter 4 € R either penalizes growth (41> 0) or encourages further growth (4 <0) in the length of the
curve. The time dependent choice

L S1l* = [V, ds
B [ |n*ds

models length preserving elastic flow. One can interpret (2.42) as the L? gradient flow of the energy functional
E(R) := / [%W + z} ds (2.43)
r

see e.g. [18] for details. In fact, for fixed 4 € R testing the first equation in (2.42) with ¥,.V and integrating over
I yields that

di / BMZ + /1} ds = / (A +10° — An] VR ds = —/ %7 ds < 0. (2.44)
tJr r r

One notes that the energy (2.43) with 4 = 0 can be reduced by scaling, as e.g. an expanding circle continuously
reduces the energy E, and that a parameter 4 > 0 acts as a penalization term for growth in the curve’s length.
For more details on Willmore flow, see also [14,24,12].

We can adapt (2.2a) and (2.2b) to include the extra terms as follows: Find {X"™*',x"*'} € V! x W" such
that

Tm

)?m+l 7)_(}”1 —m ' m+1 a m+1 h 1 m\3 h ) m h h
E— Al - <V';K 7VSX>m - [/LM]+<K ?X>m = _§<(K ) ’X>m + [’“m]—<K 7X>m v VS W07

m

(2.45a)
(k" (v X V), =0 Vi e Vi (2.45b)

where [r], := 4 max{ £ r,0}, and x° € Wﬁ is suitably chosen, see Section 3. Note that for a fixed 1 € R we set
I =7, m=0— M — 1, whereas the time dependent choice

2,2 2
%l(Km) |mh - |v5km|m

Am = = , (2.46)
|Km|m,h
with | ~|,2n<‘h> = {(, ~)f:), approximates length preserving elastic flow.

Theorem 2.5. Let the assumption (/o) hold. Then there exists a unique solution {X"*' "1} € Vi x Wh to the
system (2.45a) and (2.45b).

Proof. The proof is the same as the proof of Theorem 2.1, with the only change being the additional term
Tl ], (15,10 0 (2.7). O

Lemma 2.1. Ler {X™, K" be the solution of (2.45a) and (2.45b). Then, if 4, = . € R form=0— M — 1, we
have for all k=1 — M that

k—1 k—1
m+112 ) m+1)2 m\2|2 m 2,2 A1, .m|2 m+1)2
T4+ 3 eIV 4 DL et IO+ 3 o 30 B M0 | =l 1 5
m=0

m=0
(2.47)
Similarly, for the time dependent choice (2.46) we have for all k=1 — M that
k=1
I <P+ waF™, (2.48)

m=0
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where, form=0— M — 1,
F o= (V"o = IV o] 4 (A ] O [ = 1 ] A+ G2 s — 1))

m m,h m,h

Proof. One can show similarly to (2.30) that

?}"<Vs/\_}m+l, VX()_('m-%—l _)‘(’m»m + <VXK:m-H7 VSKm+1>m + [/1”1]+<Km+1’ Km+1>h

m

= K" e = Ul <3+ 1O L] = B, + b (249)
and hence, on noting (2.31), that

1
o

" = 07) + (VoL ()

m+12 my\22 m+1\22 )1, .m |2 m—+12
R B+ HO Y] = B 1
(2.50)

Summing (2.50) for m =0 — k — 1 yields the desired result (2.47). On the other hand, for the choice (2.46) it
follows from the first equality in (2.49) that

ym ym ym m+1/2 m|2 m+1)2 m2
$<VSX +17VS(X ! _X )>m + |V5K Jr1|m - |VSK |m + M'm]i»["c Jrl‘m,h - |K |m,h]

— %<(Km)37 P Km>h _ [;Lm]_<Km7 e Km>ﬁ1

m

S o PP 0 o Y 7 R [ R T P (2.51)

m,h m,h
Combining (2.51) and (2.31) yields, on noting the definition of F”, that
[T < | T+ T, P (2.52)
Summing (2.52) for m =0 — k — 1 yields the desired result (2.48). O

Remark 2.9. Clearly a time continuous semidiscrete, or a fully implicit discrete, version of (2.45a) and (2.45b)
will inherit the tangential equidistribution property (2.16), as it depends solely on (2.14b). In addition, Lemma
2.1 shows that the growth in I" can be controlled by a discrete analogue of [,.[1 Ix|* = [4]_|%|*)ds. Moreover, on

choosing y = n" [M.c?)’”] € W} in (2.45a), where, recall («7,), &" := ZN:1‘?’7¢_/ € Vi, it is straightforward

Tm

to show that the solution {)? mtl k1Y to (2.45a) and (2.45b) satisfies, e.g. in the case 2 =0,

- - - - h
Xm+1 —_Xn . 1 Xm+1 —_Xn
_<vskm+l’vsnh [ .wm‘| > +§<(Km)3, C?)m>
Tm Tm

- - . - h - - 2
<Xm+1 —_Xn [Xm+1 —_Xn —*m‘| —'m> Xm+1 —_Xn
= — s N R Y = —|—.
T T
m m m

Tﬂl
However, it does not seem possible to derive a discrete analogue of (2.44) from (2.53), something that would
lead to a discrete scheme that monotonically decreases the Willmore energy (2.43).

Moreover, the bound (2.48) shows that although we cannot guarantee length preservation for our scheme
(2.45a) and (2.45b) with the choice (2.46), we can show that the growth in the length of the discrete curve is
bounded. In particular, (2.48) suggests that the maximal possible growth goes to zero as T — 0. In fact, in
practice the length of the discrete curve is almost exactly preserved, see Section 3.

—m

(2.53)

m,h

Similarly to (2.10), we introduce the matrix M, € RV*" by

[Mol;, = <¢k7¢l>fln = /1‘"1 nh[d)kd)l] ds,

and then rewrite (2.45a) and (2.45b) in terms of
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(Ao + [An] ,Mo) =N\ [ "t b
T 0+JA J.M,) No (K_‘ 1)_( b >7 (2.54)
No Ao SXmt —A X

where b € RY with b; = rm<%(;c'")3 - [)Lm]fx”l,(bj)f’n,j: 1 — N.

The solution to (2.54) can be found as follows. If 4,,> 0, then 20 = Ao + [An] .My is a positive definite
matrix, and we can solve (2.54) by solving

- 1 - — = - = 1 -
<A0 +—N0A01N0T) XM = —4X™ — —NoA,'b
Tm Tm
and then setting
I ~ | ores
Km+l — _Aal[NgSXerl +b]
Tm

If 4,, <0, on the other hand, we note that

1T(NTsX™ 1 4+ b) =0 (2.55)
and, similarly to (2.12a), we have that
| 1 S
K" = — So[NFSX™ ! 4 b] + pul = T—SOH[NOTSX'”“ +b] 4 ul,

where I1 = Idy — % is the orthogonal projection onto (kerd,)' = (span{1})*. Hence X" ! satisfies

-1 I DR .
(Ao + NOHSOHNOT) X = — A X™ — — NoIISoI1h — uN,1. (2.56)
T T

m m

Once again, the unique solvability of (2.45a) and (2.45b) yields that the operator G on the left hand side of
(2.56) is symmetric and positive definite. Hence y has to be chosen such that condition (2.55) is satisfied. This
can be achieved as follows. Let X, := G~'(—AoX™ — L NoIISyI1b) and X, := G 'N,1. Then

1"p +1"N X,

ym+1 v v
T and 8X"' =X, — uX,.
0“*+g

o=
Note that 1"NTX, :)?gé)? . >0, as G is symmetric positive definite, so u is well defined and uniquely
determined.

3. Results

The Schur complement approach (2.37) can be easily solved with a conjugate gradient solver. For the solu-
tion of KAKy = x in order to compute Sx we can employ an (inner loop) CG solver without a projection, as
the right hand side vector x always satisfies the compatibility condition x € (kerKAK)". See [25] for a justifi-
cation of using a CG solver for a positive semi-definite system.

We note that the implementation of the orthogonal projection (2.33) is straightforward. Let
wh = (wf, wh,wh) € RY, k = 0 — 1, be defined by [w{], = 6;; and [w}]; = 6:0y,;,j = 0 — Nj, i =1 — 3. It then

holds that K = KK, with K; := Idy — ? "

k
Wk

k =0 — 1. The projection P can be constructed in a similar way.

Throughout this section we use uniform time steps 7, =1, m =0 — M — 1. For later purposes, we define

= t ty —

— et ‘-
X(t) = T””X’”Jr - X"Vt € [ty tn] m= 1

3.1. Closed curves

Here we compare the scheme (2.2a) and (2.2b) with two other algorithms in the literature, namely the
scheme (2.3a) and (2.3b) from [18] and the scheme (2.4a)—(2.4d) from [3].
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The first experiment is for a mild ellipse. The parameters were chosen as follows. N =64, 7 =107,

=102 and the initial curve is a 3:1 ellipse with semiminor axis R = 0.075. The scheme (2.3a) and (2.3b)
eventually breaks down on this experiment, due to the coalescence of grid points. We plot the approximation
X at time 1 =8 x 10~* in Fig. 4(left). Similarly the scheme (2.4a)—(2.4d) breaks down at r=3.2x 107%, see
Fig. 4(right). We note that a space adaptivity algorithm is described in [3] that, while possibly loosing the dis-
crete analogue of (1.3), would most likely be able to integrate further in this example due to the local coars-
ening of elements. Our scheme (2.2a) and (2.2b), on the other hand, intrinsically moves the vertices such that
the problem can be computed until time = 7, when the solution has reached the shape of a circle; see
Fig. 4(bottom). Recall that a proof of this is given for the continuous in time semidiscrete scheme in Remark
2.4. Note that the relative area loss for (2.2a) and (2.2b) for this experiment was 0.7%. We remark that no
other scheme published in the literature does intrinsically move the mesh points so that no coalescence of mesh
points can occur. However, a scheme where a tangential force is prescribed in order to achieve this has been
published in [30], recall Remark 2.4. Here a finite difference approximation of a very complicated fourth order
system has to be solved, see [30, (4.2)—(4.5)].

In order to investigate the three different schemes further, we conduct the following experiment. Starting
with an initial curve that consists of a semi-circle and a single additional node on the periphery of the circle,
we investigate the ratio r:=hgu/lgy., Where hg, == max,-:HN\)_(""(q].) —)_("”(qj_l)| and g, :=min;_;_y
X" (g ) — X (¢;-1)|, over time. We used as parameters N =128, = 1077, T=5%x10"* and R =0.075 as
the rad1us of the circle. The evolution of X for our scheme (2.2a) and (2. 2b) can be seen in Fig. 5. Plots of
the ratio r for the three schemes can be seen in Fig. 6. We note that scheme (2.3a) and (2.3b) could only com-
pute up to time ¢ = 7.9 x 107, while scheme (2.4a)—(2.4d) could only compute up to time r = 8.4 x 10~>. The
last plot in that figure shows the length of the curve computed from our approximation (2.2a) and (2.2b) over
time. One can clearly see that although the true solution (a circle) is reached very quickly (at around time
1 =2x107°), in the remaining time the vertices are continually moved tangentially which results in a further
decrease in the ratio r, which approaches the optimal value 1.

The coalescence of vertices for the two schemes cited from the literature can be prevented by heuristically
redistributing all the mesh points tangentially after each time step, as described in [18] and [3], respectively.
In the former case this can lead to excessive loss of area, whereas the latter redistribution is area conserving.
To demonstrate the possible effects of these redistributions, we used the same parameters as in the exper-
iment for Fig. 4 for an initial 8:1 ellipse with semiminor axis R = 0.075. The results for the three respective
schemes can be seen in Fig. 7. The relative area loss for our scheme (2.2a) and (2.2b) is 0.7%, while the

Fig. 4. The three schemes for the first experiment, a 3:1 ellipse.
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Fig. 5. A plot of X at times 71=0, 1077, 5x 1077, 107, 10>, T=5x10"*.
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Fig. 6. A plot of logr for the ratio » = hy, /€3, for the three schemes (2.3a) and (2.3b), (2.4a)—(2.4d), and (2.2a) and (2.2b). The last plot
shows the length [I'(z)| for ¢ € [0,2x107°].

O =0 =Cr

Fig. 7. (2.3a) and (2.3b), (2.4a)—(2.4d), and (2.2a) and (2.2b) for the second experiment, an 8:1 ellipse.

scheme (2.3a) and (2.3b) (now with a redistribution after each time step) lost 14.1% of the area. The scheme
(2.4a)—(2.4d) (with the redistribution as in [3]) lost —0.7% of the area. In part, this can have a dramatic
effect on the size of the final circular solution.
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For a finer mesh, N =256, and t = 10"" we obtained the following results for the 8:1 ellipse. For the
scheme (2.3a) and (2.3b) with redistribution, the loss of area is 0.8%, while the scheme (2.4a)—(2.4b) with redis-
tribution lost —0.1% of the initial area. The scheme (2.2a) and (2.2b) can once again integrate until the final
time without artificially redistributing mesh points. The total relative area loss was 0.1%. The final solution
can be seen in Fig. 8.

In order to demonstrate that our scheme can easily handle examples with sharp corners and concavities, we
performed an experiment for the initial curve as in [3, Fig. 16], i.e. for a 2 X 2 square minus a thin rectangle
(0.02 x 1.8). In Fig. 9 we plot X (¢) for various times ¢ for a computation with discretization parameters
N =256, 1=10"7 and T=2x 1073, The observed relative area loss was —0.02%. We note that although
the times shown in Fig. 9 were chosen close to the ones shown in [3], the evolution differs considerably from
the one shown there. However, it is difficult to do a direct comparison, as they do not state their discretization
parameters. Moreover, as we obtained virtually identical results when using our scheme with the coarser dis-
cretization parameters N = 128, 1 = 1077 and N =256, 7= 1075, respectively, we are confident that the results
in Fig. 9 are accurate. In addition, we include an experiment for a self intersecting curve which was previously
computed by Escher et al. [21, Fig. 2], see also [3, Fig. 17]. The results for the parameters N = 128, t=10"*
and 7= 0.075 can be seen in Fig. 10, where we note the excellent qualitative agreement with the other two
computations in the literature.

The next experiment underlines the analysis in Remark 2.3. To this end, we fix N =64, T=2 and let
1=10"%, k=0 — 5 for an initial 2:1 ellipse with semiminor axis R = 1. In Table 1 we report on the area loss,
a® — a™ for our approximation (2.2a) and (2.2b) as well as for the scheme (2.4a)—(2.4d) from [3], which, due to
the relatively small curvatures present in the initial curve, could compute the solution without redistributing
the nodes. We omit the results for the scheme (2.3a) and (2.3b), as without redistribution of vertices it could

y e

Fig. 8. Success for an 8:1 ellipse. Plotted times are r =0, 107%, 2x 1074, ... 1073,

L
L
)L

Fig. 9. Surface diffusion flow for an almost slit domain. X (¢) at times 1 =0, 5x 107, 2x 107%, 6 x 107>, 1.2x 107*, 2.3 x 107, 4 x 10%
Tx107% LIx 1073 1.4x 1073, 1.7x 1073, T=2x10"".

Cl%—-
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Fig. 10. Surface diffusion flow for a rose. X(¢) at times 7 = 0, 0.02, 0.05, 0.075.

Table 1

Area loss |a(0) — a(T)| for N=64 and =105, k=0—5

k (2.2a) and (2.2b) (2.42)~(2.4d)
0 5.7897e—01 1.0438e—01
1 9.2350e—02 4.7302¢—02
2 1.1379e—02 7.4513e—03
3 1.4182¢—03 1.0281e—03
4 1.0742e—04 2.9404e—04
5 4.6785¢—05 2.1847e—04

only integrate until time 7 for k < 3. As is to be expected from the considerations in Remark 2.3 for the semi-
discrete approximation (2.14a) and (2.14b), when t — 0 the observed area loss for our scheme (2.2a) and
(2.2b) tends to zero. For other schemes, e.g. (2.4a)—(2.4d), we expect the area loss to be bounded from below
by some constant depending on /.

Finally, we perform the following convergence test. As initial shape we choose an 8:1 ellipse with semiminor
axis R =0.75, and let t = 0.5h> with 7= 15, by which time the numerical solutions have reached a circular
“steady state”. In Table 2 we report on the relative area loss compared to the area a” of the initial polygon,
as well as the error |[a" — a(0)| and the indicative error || — lim,_,..|I'(¢)|, i.e. the differences in area and in
length to the true asymptotic solution ¥* := lim, . .¥(-, ¢), which is given by a circle. We also report on the
error || X (T) — ¥*||,~ := max,_,_ymin,, |)?M(qj) — ¥*| between X (7) and the true asymptotic solution ¥*.

3.2. Willmore flow for curves

As a first test, we repeated the computations for a true solution as given in [18, p. 1241]. An exact solution
to (2.42), with 4 =0, is given by

%(p,1) = (1+21)(cosg(p),sing(p))’, x(p,1) = (1+20)7,

where g(p) = 2np + 0.1 sin(2np) in order to make the initial distribution of nodes non-uniform, and where we
note that ¥,.7=0. Note furthermore that the true curvature vector is given by %(p,7) = —(1 +2¢)7*
(cosg(p),sing(p))". The results can be seen in Table 3, where we report on the errors in L>(0,T;L>
(J,R?)) for T=1 and = 0.54*. We compare our results from (2.45a) and (2.45b), where, on noting that
NoTN, is a diagonal matrix with strictly positive diagonal entries, we use as initial data

Table 2
Relative area loss and some errors with respect to the true asymptotic solution ¥* := lim,_.X(-, )
N ja” — a™|/|a’] (%) la™ — a(0)] I = tim, o [T IX(T) — 7
16 44 9.2741e—01 3.7046e—01 4.7917e—02
32 1.3 2.6356e—01 1.0482¢—01 1.4588e—02
64 0.4 7.3366e—02 2.9446e—02 5.1632e—03
128 0.1 2.0149e—02 8.1808e—03 2.4653e—03
256 0.03 5.5318e—03 2.2717e—03 1.7030e—03

512 0.008 1.5181e—03 6.2799e—04 1.4872e—03
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Table 3
Absolute errors ||X¥ — X/, and || — x||,~ for the test problem
N DKS (orig) DKS (mod) (2.45a) and (2.45b)
X — | [[K — ]|~ |IX — | [[§ — |~ |IX — | [l — |~
10 2.7861e—01 1.2994e—01 9.8686e—03 6.6960e—03 2.2124e-01 7.6410e—02
20 3.7365e—02 1.7942e—02 2.8856e—03 3.2501e—03 3.6298e—02 8.2407e—03
40 8.3949¢—03 4.6565¢—03 7.9028e—04 5.5311e—04 8.5412e—03 2.3799¢—03
80 2.0410e—03 1.0037e—03 2.1042e—-04 2.1395e—04 2.1143e—03 4.4060e—04
160 5.0574e—04 1.1518e—04 5.4438¢—05 1.2143e—04 5.2844e—04 2.5524e—05
320 1.2602e—04 4.1575e—-05 1.3859e—05 2.4003e—05 1.3224e—04 6.6480e—06
640 3.1463e—-05 1.1178e—05 3.4973e—-06 5.6171e—06 3.3086e—05 2.4659¢—06

KO = —(N’OTﬁo)ilﬁngo)?o,
to the corresponding version of the scheme in [18], i.e. (2.3a) and (2.3b) with the last term on the left hand side
of (2.3a) replaced by —/1,,,(;"5’”“,5{)2; with no redistribution of nodes. Note that we report on their scheme in
two different columns, as with the original scheme (2.3a) and (2.3b) we could not quite reproduce the numbers
reported in their paper. In particular, we report on the original scheme (2.3a) and (2.3b), “DKS (orig)”’, and a
small modification, “DKS (mod)”. The modified scheme uses |#"*2|* instead than |#”|* in (2.3a), where
®mt € P s such that

(R, 1), + (VX" Vi), =0 Y ij € Vs,

We show the evolution of a lemniscate under the flow (2.42) with A =0 and 2= 1 in Fig. 11. Note that no
redistribution of nodes was necessary for (2.45a) and (2.45b), whereas the scheme (2.3a) and (2.3b) was not
able to compute this evolution without a redistribution of nodes. The same experiment for the length preserv-
ing elastic flow, i.e. with the time dependent parameter 4,, as in (2.46) is shown in Fig. 12. The initial curve is a
2:1 lemniscate. The discretization parameters are N = 100 and 7 = 10>, the final time is 7= 1. The length of
the original curve was almost exactly preserved (the length of the initial curve is 7.86 and that has grown by
only 2.3 x 1072 at time 7 = T). The length preserving modification of (2.3a) and (2.3b), see [18, p. 1240], how-
ever, fails to compute this example without the redistribution of vertices. The solution at time ¢ = 0.346 can be
seen on the right hand side of the figure.

A similar experiment for a 4:1 lemniscate and 7'=4 can be seen in Fig. 13. Again, no redistribution was
needed for scheme (2.45a) and (2.45b), while the scheme (2.3a) and (2.3b) without redistribution failed, this
time at time ¢ = 0.154.

XD OO

Fig. 11. Willmore flow for a closed curve. On the left A =0, on the right A= 1.

Fig. 12. Length preserving elastic flow. Our scheme (2.45a) and (2.45b) on the left, the appropriately modified scheme (2.3a) and (2.3b) on
the right.
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Fig. 13. Length preserving elastic flow. Our scheme (2.45a) and (2.45b) on the left, the appropriately modified scheme (2.3a) and (2.3b) on
the right.

3.3. Triple junctions

In the first experiment for triple junctions, see Fig. 14, we simulate how two initially elliptic bubbles
approach the standard double bubble shape, where I', is a straight line and I'y is the arc of a circle with I'3
its reflection, see [26]. Throughout, we assume equal surface energies, o, =1, i = 1 — K, unless stated other-
wise. A non equal area case can be seen on the right hand side of the same figure.

For the standard double bubble, we checked for our scheme (2.26a) and (2.26b), as 2 — 0, the absolute area
loss max,-:Hz|a? — a/'| and the observed angles 0:=(0,, 05, 05) at the triple junctions, which, through symmetry,
are the same at both triple junction points. Here 6 is defined as the angles formed by the three curve segments
meeting at a triple junction and 0;, i = 1 — 3, denotes the angle opposite the curve I at a triple junction. The
parameters were chosen as follows. The initial shape is a parameterization of the standard double bubble with
two circles of radius 0.075. We integrate until time 7= 10~* and used a uniform time step size 7 = 107> 32 For
the results see Table 4, where the maximal element length Ay, at the final time is defined similarly to Table 2,

and the area error is defined with respect to the true double bubble solution X. Note that the relative area loss

max;_i_» la} ‘ 0 a| for these experiments was always less than 10~ 5. In a more realistic experiment, we used as

initial data two 3:1 ellipses with semiminor axis R = 0.75, similarly to the left hand side of Fig. 14, and inte-
grated until time 7' = 2. The results for a time step size of T = 0.5/ are displayed in Table 5.

We note that for both sets of experiments one observes that the triple junction angles approach the true
value 120° as 4 — 0, while the error in the area and the relative area loss tend to zero.

Fig. 14. The standard double bubble, with a non equal area case on the right.

Table 4
Area loss and triple junction angles as 7 — 0
N hyu Area loss Angles (0y,0,,05)
32 2.6148e—02 2.0280e—04 (110.4, 139.2, 110.4)
64 1.3012e—02 5.0898e—05 (115.3, 1294, 115.3)
128 6.1883e—03 1.2261e—05 (117.7, 124.6, 117.7)
256 3.0213e—03 3.0659¢—06 (118.9, 122.3, 118.9)
512 1.4932¢—-03 7.6653e—07 (119.4, 121.1, 119.4)
1024 7.4231e—04 1.9163e—07 (119.7, 120.6, 119.7)
2048 3.7115¢—04 4.7909¢—08 (119.9, 120.3, 119.9)
4096 1.8531e—04 1.1963e—08 (119.9, 120.1, 119.9)

8192 9.2590e—05 2.9908e—09 (120.0, 120.1, 120.0)




J.W. Barrett et al. | Journal of Computational Physics 222 (2007) 441-467 463

Table 5
Area loss and triple junction angles as &7 — 0
N hyu Relative area loss (%) Angles (0, 0,,03)
32 3.5583e—01 0.3 (109.6, 140.9, 109.6)
64 1.7864e—01 0.08 (114.9, 130.2, 114.9)
128 8.9415e—02 0.02 (117.5, 125.1, 117.5)
256 4.4261e—02 0.007 (118.8, 122.5, 118.8)
512 2.2132e—02 0.002 (119.4, 121.2, 119.4)

Fig. 15. Tangential movement for an equal area double bubble. A plot of X (t) at times t =0 and 1 =T.

The considerations for the semidiscrete version of (2.26a) and (2. 26b) in Remarks 2.4 and 2.5 are underlined
by the following experiment. Using the parameters N = 64, t = 107> and 7 = 1 we investigate how an initial
approximation of two semi-circles of radius R = 1 with a straight line in between, where we uniformly param-
eterize only the upper half of each curve, is evolved by our scheme (2.26a) and (2.26b). As can be seen in
Fig. 15, the vertices on the two circular curve segments are equidistributed, while the nodes on the straight
line segment experience no tangential movement. This is in line with the analysis for the semidiscrete scheme
in Remarks 2.4 and 2.5, which predicts that on each curve I';, i = 1 — 3, the vertices will be equidistributed as
long as the elements on that curve are not locally parallel.

An equal area double bubble for different surface energies can be seen in Fig. 16. The surface energies were
chosen to be (01,03,03) = (1,1,3) and (1,1,2), respectively. That means that the length of the curve I's is
weighted more in the overall energy |I'|, so that it will shorten during the evolution. For the parameters
N=256, T=1and 1 =10"% and starting from the standard double bubble with radii R =1, the observed
angles at the triple junctions at time 7 are 0 = (136.8,140.7,82.5) and 0 = (148.8,153, 58.2) respectively. (Note
that Young’s law yields 0 = (138.6,138.6, 82.8) and 0 = (151,151,57.9), respectively, for the exact solution.)
An experiment for the surface energies (1,1,2) can be seen in Fig. 17. Here the observed angles at the triple
junctions at time 7 are 0 = (173.4,178.9,7.8). However, one should note that the true steady state for this
experiment would consist of only two circular curves, with the third one shrunk to a point. Of course, we can-
not compute until that singularity.

(DO

Fig. 16. An equal area double bubble for surface energies (1,1,3) and (1,

74
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Fig. 17. An equal area double bubble for surface energies (1,1,2). )?(t) at times 1 =0, 0.1 (left) and ¢ = T (right).

Fig. 18. The standard triple bubble (left) and a non equal area triple bubble (right).

Fig. 19. The standard quadruple bubble (left) and a non equal area quadruple bubble (right).
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Fig. 20. A standard quintic bubble (left) and a non equal area quintic bubble (right).
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Fig. 21. A standard sextic bubble (left) and a non equal area sextic bubble (right).
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Fig. 22. A standard septic bubble (left) and a non equal area septic bubble (right).

For the remaining experiments we always use equal surface energies. Examples with three and four enclosed
areas, respectively, can be seen in Figs. 18 and 19. Examples with five, six and seven enclosed areas can be seen
in Figs. 20, 21 and 22, respectively.

4. Conclusions

We have presented a fully practical finite element approximation for the motion by surface diffusion of
curves in R?. Our scheme enjoys the property that no artificial redistribution of vertices is necessary in prac-
tice. To our knowledge, this is the first such scheme in the literature. Moreover, the presented scheme can eas-
ily be generalized to the case of multiple curves that meet at triple junction points. Also the case of mean
curvature flow, ¥~ = x, with and without triple junctions can be treated with the ideas developed in this paper.
Moreover, nonlinear functions of mean curvature can equally be used as a driving force. The equation
7" = f(x) can be discretized, for example, by

Tm

. . h
Xm+1_Xm . . A
<—,xv > — (f(&"™ ), 1) =0 Ve W,

m

together with (2.2b), and so will also inherit the equidistribution property (2.16). Furthermore, the combined
effect of motion by surface diffusion and motion by mean curvature can be modelled with a small change to
our scheme. This and the additional effects of curves intersecting the external boundary of the domain will be
studied in the forthcoming paper [5].

Further topics of our future research related to the presented paper include the extension to fully aniso-
tropic surface energies and to geometric flows of 2-dimensional hypersurfaces in R?, including mean curvature
flow, surface diffusion and Willmore flow.



466 J.W. Barrett et al. | Journal of Computational Physics 222 (2007) 441-467
Appendix

Here we want to investigate the kernel of the operator KAK in (2.35) for the case of an arbitrary number Kp
of enclosed areas. Note that we assume that at each triple junction exactly three curves meet and that we
exclude any intersection of a curve with the external boundary. Hence we have that 6(Kp — 1) = 2K-=3Kp,
where K¢ and K7 are the number of curves and triple junction points, respectively.

The definitions (2.34) are trivially extended to the general case, while (2.33) needs to be replaced by

K:RY — X:={(z1,...,2¢.) € R": Z 1), [z =0 j=1—Kr}, (A.1)

1, 1, Pji; N

where now N := 35 (N; 4 1) and P, €10,1}, i=1—3, j=1— Ky, are defined as in Remark 2.6.
We now want to find a basis for the space £ C X C IRN where kerKAK = kerK @ E = X* @ E. For sim-
plicity we assume that o;=1, i=1— Kc. Then it is clear that the K vectors v, = (1 ,0,...,0),
=(0,1%,0,...,0),..., vg. = (0,...,0,1%¢) € RY form a basis of kerA. Furthermore E = kerd N X,
Lemma Al. It holds that dim E= Kg A possible basis ofE is given by e; :== (a }11, .. .,o{f{"lKC),i =1—Kg,
where o] € {—1,0, 1} are such that for «, # 0, X’” (H“ p+— (1 - )) parameterizes a segment of the boundary
of bubble i clock-wise, such that the union of all these segments yields the whole boundary of bubble i.

Proof. On noting (A.1) it is clear that by construction e¢; € X and e; € ker4, for all i =1 — Kp. It is also easy
to see that the {e,}1* are linearly independent. It remains to show that dim E = K. Let 4 € RK¢ be the
matrix such that

e:= ("', dfNf ) c E=kerdANX <= %a=0, (A2)

where o := (a!,... of) € R, That is, % describes the constraints in (A.1) and each row has exactly three
non-zero entries (of modulus one), and each column has exactly two nonzero entries that add up to zero.

The latter property immediately yields that rank% < Ky — 1. We will now show that rank% > Kr — 1. Let
9 € RKr=1xKe denote the first Kz — 1 rows of 4 and assume

7'B=0 (A.3)

for p e RE7~! Forafixedie {1,... Ky — 1}, let (¢4, ... .,0;) € {1, ... ,Kq}*, with ¢, = Ky and ¢, = i denote a
path within the given network of curves connecting triple junction point Ay, to point A; As we consider a
connected network of curves, such a path always exists. It is now straightforward to show by induction that
it follows from (A.3) that ﬂ, =0 forall j=1— L, and in particular 8, = f5; = 0.

Repeating this argument for all i=1— K;—1 shows that (A.3) implies §=0. Hence Ky —1=
rank? > rank®. Thus we have that rank% = Ky — 1 and, on recalling (A.2), it holds that dim E =
Ke—rank¢ =K¢c— (Kr—1)=3Kg—1)—-2(Kg—1)+1=Kg. O
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